We consider countably additive, nonnegative, extended real-valued measures vanishing on singletons. Given a group G of bijections of a set X and a G-invariant measure m on X we ask whether there exists a proper G-invariant extension of m .
Introduction
The fact that every nonuniversal measure on an arbitrary set X has a proper extension is a well-known result of Los and Marczewski [LM] . This paper is motivated by the following more general question, which we will refer to as the invariant extension problem:
Given a set X and a group G of bijections of X, does every nonuniversal, G-invariant measure on X have a proper G-invariant extension? (cf. [P, p. 
21]).
By a measure on X we mean a countably additive, nonnegative, extended real-valued function defined on a cr-algebra OJl of subsets of X, vanishing on all singletons, and assuming at least one positive finite value.
A measure m on X is called: K-additive if every union of less than k sets of measure 0 has measure 0, where k is an uncountable cardinal; finite if m(X) < +00 ; cr-finite if X is a countable union of sets of finite measure; semiregular if every set of positive measure contains a subset of positive, finite measure;
complete if all subsets of sets of measure zero are measurable; universal if it is defined on ¿P(X).
Clearly, X carries a universal measure if and only if the cardinality of X is at least real-valued measurable. In this case we will say that X is large. Otherwise, X is small.
If G is a group of bijections of X, a measure m on a o -algebra M of subsets of X is G-invariant if g A £ Wl and m(gA) -m(A) for any g £ G and A £ 9JÎ. Notice that the measure completion of a G-invariant measure is G-invariant, hence we always assume that measures under consideration are complete.
We are primarily concerned with cr-finite measures, postponing possible generalizations until the last section.
The following two cases of the invariant extension problem have been intensively investigated: Case 1. X is the Euclidean space R" , and G is a subgroup of the group Dn of X's isometries.
Sierpiñski (quoted in Szpilrajn [Sz] ) asked whether every Dn -invariant extension of the Lebesgue measure ln on R" has a proper Dn-invariant extension.
The final affirmative answer to this question was obtained by Ciesielski and Pele [CP] . Using ideas of Hulanicki [Hu] , they also proved that if 2W is small, then every cr-finite G-invariant measure on R" has a proper G-invariant extension. Further investigations of Ciesielski [C] and Zakrzewski [Z2] showed that if m is a maximal cr-finite G-invariant measure on R", then m is concentrated on an affine subspace L of R" such that L is closed under G's action and \{g\L : g £ G}\ < co (cf. [Z2, Theorem 2.3] ). If, in addition, m extends /" , then \G\ < co (cf. [C, Corollary 3.1 
]).
These results essentially reduced the problem to the case of large continuum and at most countable G. The particularly intriguing question whether every nonuniversal, cr-finite, Q-invariant measure on R (possibly extending lx) has a proper Q-invariant extension, Q being the group of all rational translations, was repeatedly stated by Harazisvili [Ha, Problem 4 ], Pele [P, Problem 3.8] , and Ciesielski [C, Problem 1] .
Case 2. X is a group, and G is its subgroup. Each element g £ G is identified with the associated left shift <p x = gx for x £ X . This case was studied by Pele [P] . He proved that if X is small, then the answer to the extension problem is always affirmative. The same is true if X is commutative and G is uncountable.
For countable G's the situation gets complicated. On one hand, if there exists a descending sequence (Gn : n £ co) of subgroups of G such that f]neco Gn = {e} and each Gn has finite index in G, then every nonuniversal cr-finite Ginvariant measure on X has a proper G-invariant extension. On the other hand, if X is a group of measurable cardinality, and (the group isomorphic to) Q is a subgroup of X, then there exists a maximal nonuniversal finite Q-invariant measure on X.
Pele posed a problem of finding a complete characterization of those countable subgroups G of a given group X for which the answer to the extension problem is positive (cf. [P, p. 29 
The above review of results places in the center of interest the invariant extension problem for at most countable G's. The present paper is essentially devoted to its solution.
The role played in this case by the size of X should be emphasized. If X is small, then by a Hulanicki-style argument (see [Hu] ), the answer to the problem is "yes" for any G. On the other hand, if X is large, then there always exists a universal cr-finite G-invariant measure on X (see [Zl] ). At the same time, the only previously known example of a nonuniversal maximal G-invariant measure on a set X required its cardinality to be at least measurable (see [P] ).
The paper is organized as follows. In §1 we give a general solution to the extension problem for at most countable groups (Theorem 1.6). As a corollary we obtain an algebraic characterization of those at most countable subgroups G of a given large group X, for which the answer is positive (Corollary 1.10). In §2 we restrict our attention to the case of X = R" and G being a subgroup of Dn . We give the following solution to the problem on extending Q-invariant measures on R : if R is large, then there exists a maximal, nonuniversal, crfinite, Q-invariant measure on R (Corollary 2.5). On the other hand, there are no such measures among extensions of ln (Corollary 2.11). We prove that, in general, if G is any subgroup of Dn , then every nonuniversal, G-invariant extension of /" has a proper G-invariant extension. This gives a strong affirmative answer to Sierpiñski's question. §3 is devoted to generalizations of some results of § §1 and 2. We frequently use the following auxiliary fact, essentially due to Szpilrajn [Sz] (see also Pele [P] ). 0.1. Lemma. Let G be a group of bijections of a set X and m a semiregular G-invariant measure on X. If there exists a nonmeasurable subset A c X such that g A = A for every g £ G, then m has a proper, semiregular, G-invariant extension. D We use standard set-theoretical notation and terminology. Ordinals are identified with sets of their predecessors and cardinals with initial ordinals. In particular, co denotes the set of natural numbers and the first infinite cardinal. For a set X, ¿P(X) denotes the power set of X, and |X| the cardinality of X.
We use standard terminology to describe the action of a group G on a set X. We say that G acts on X :
transitively if for every x, y £ X there exists g £ G such that gx = y ; and freely if fx = gx implies f = g for any f, g £ G and x £ X. e-the neutral element of G, Dn-the group of isometries of M." , ln-the Lebesgue measure on R" .
In §2 we use the fact that the group Dn equipped with the topology of pointwise convergence is a topological group (cf., e.g., [F] ).
Invariant measures on arbitrary sets
Throughout this section we assume that G is an at most countable group of bijections of a set X.
Given a fixed selector S of the family of G-orbits we introduce the following notation:
Ais) = Ar\Gs for^cX, s£S, supp(A) = {s £ S : A{s) ¿ 0}, Gs = {g\Gs : g £ G} for s eS, G = l\Gs.
ses
In the obvious way we identify G with the corresponding group of bijections of X.
Our goal is to solve the invariant extension problem for G and X. By 0.1, it suffices to focus attention on such measures that all G-invariant subsets of X are measurable.
So let us investigate the properties of a given cr-finite G-invariant complete measure m defined on a cr-algebra 9JÎ c 9°(X) such that G A £ 9JÎ for every AcS. To prove the second part, take arbitrary A £ 3JÎ and g £ G. Set iS0 = {í e S:(gBn A){s) ± 0 and (gB \ A){s) ± 0} and consider the sets Bx = (gB n G(5 \ S0)) u ((*£ n ¿) n GS0) and ß2 = (gB n G(S \ 50)) u ((gB \ A) n GS0).
Then 5¡, B2 £ Wl, supp(5,) = supp(52) = S, and 5, U B2 = 5. But 2?! n 52 n GSq = 0, so w(50) = 0 since, otherwise, either m(Bx) or m(B2) would be less than m(B) = e , contradicting the definition of e . If e = oo , then split S into countably many pairwise disjoint Sn\ such that for every « e w the corresponding en is finite. Construct the Bn's as above.
It is easy to see that B = \Jneo}Bn does the job. D
In what follows we shall need a familiar notion of a G-partition (see, e.g., [KaMe] , where it is called "a partition into blocks relative to G").
1.3. Definition. Suppose y is a G-invariant subset of X, and P and P' are partitions of Y. Then we have the following:
(b) P < P' if VA £ P 3Á £ P' ACÁ . (c) P <fin P' if P < P' and VÁ £ P' \{A £ P : A c Á}\ < co.
(d) P is trivial if P = {{y} : y £ Y}.
(e) P is a minimal G-partition if it is <fin-minimal among G-partitions.
(f) P{k) = {{JW: W £&>(V) and \W\ = k), k < oe.
If Y is the G-orbit of x £ X, then the properties of G-partitions of Y are reflected by the algebraic properties of G and its subgroup stG(x) = {g £ G : gx = x}, called the stabilizer of x in G. This is due to the fact that P is a G-partition of Y provided there exists a subgroup H of G containing stG(x) such that P = {gHx : g £ G} (see [KaMe] ). In particular we have the following folklore-like result.
1.4. Proposition. Suppose that x £ X and P is a G-partition of Gx. Then the following are equivalent:
(i) P is nontrivial and minimal.
(ii) P = {gHx : g £ G} for a certain subgroup H of G properly containing stG(x) and such that every proper subgroup of H containing stG(x) has infinite index in H. o
Now the structure of m can be completely described in terms of G-partitions of orbits.
1.5. Theorem. Assume that G is an at most countable group of bijections of X and m is a G-invariant o-finite complete measure on X such that G A is measurable for every Ac X. Let S be a selection of G-orbits.
There exists a family {Ps : s £ S}, Ps being a G-partition of Gs for each s £ S, such that: It follows that we can assume w.l.o.g. that Sx = 0. To prove the "c" part of (*), take an arbitrary A £ 971. Notice that for each s £ S, A{s' £ (jk<a) Ps if and only if there exists n £ co such that (gnB n A){s) # 0 and (gnB \ A){s) ¿ 0. Hence by 1.2, m({s £ S : A{s) i U<(aPf)}) = o.
To prove the "D" part of (*), take A c X such that m({s £ S : A(s) <£ Ui:ew pf'}) = 0. We can assume w.l.o.g. that A(s) £ Ps for every 5 e supp(^), since A is equal to the union of countably many sets of this form and a measure zero set. But then, by the definition of Ps, there exists g £ G such that A = g(BC\Gsupp(A)). By 1.1, A£Wl.
To prove (i), use (*) and the G-invariance of m. Note that B as above is a possible 5?.
Point (ii) follows immediately from (i). To prove (iii), notice that m is universal if and only if S £ 9JÎ. Then use (*).
The proof of (iv) is broken into two parts. "=>■" Set S2 = {s £ S : Ps is not minimal } and suppose that S2 is not a measure zero set. For each s £ S2 fix a G-partition Qs <fin Pi. Thinning out S2 if necessary, we can assume that there is n > 1 such that \{Á e Qs : ^' c A}\ = n for any s £ S2 and A £ Ps. Put
Sirt' = I A C X : A n G(S \ S2) £ 9JÎ for any Ac X. Since 9rt c 9rt', applying (**) to A = 5* we get m({s £ S: not P^ <fin Ps)} = 0. But by the assumption, m({s £ S :P'S <fin PJ) = 0, so ot({j e 5 : P^ ^ pj) = 0. In view of (**), this clearly forces art = art'.
Finally, the uniqueness of the family {Ps : s £ S}, as described in (v), follows easily from (*). D Now we are ready to state the main result of this section.
1.6. Theorem. Assume that G is an at most countable group of bijections of X. Then the following are equivalent:
(i) Every o-finite (finite) nonuniversal G-invariant measure on X has a proper G-invariant extension.
(ii) The set {x £ X : there exists a (finite) nontrivial minimal G-partition of Gx} is small.
(iii) The set {x £ X : there exists a subgroup H of G (of finite index in G) properly containing stG(x) and such that every proper subgroup of H containing stG(x) has infinite index in H} is small.
Proof. We prove the er -finite version. To get the finite one, argue as below using l.S(ii), when necessary. It is easy to see that m is a cr-finite G-invariant measure on X and G A £ 9rt for every A c S. By 1.5, m is nonuniversal and has no proper G-invariant extension, contradicting (i).
(ii) =>■ (i) Take a cr-finite, nonuniversal, G-invariant measure m defined on a cr-algebra 9rt c ¿P(X). We want to find a proper G-invariant extension of m.
If there exists a set Ac S such that G A $. 97Í, then we are done by 0.1. (ii) o (iii) This follows immediately from 1.4. G From 1.5 we can abstract a purely algebraic property of G which appears to be connected with the problem of extending G-invariant measures.
We say that G is indicable by finite groups if every nontrivial subgroup of G has a proper subgroup of finite index in G. This terminology is derived essentially from that of Burns and Hale [BH] .
From 1.4 we get 1.7. Proposition. Suppose that x £ X and G acts freely on Gx. Then the following are equivalent:
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(ii) G is indicable by finite groups. D Let us recall that Fix(G) = {x £ X : g(x) = x for some g € G, g ¿ e} .
Notice that G acts freely on Gx if and only if x £ Fix(G). Combining 1.6 with 1.7 we obtain 1.8. Corollary. If G is indicable by finite groups, then every o-finite nonuniversal G-invariant measure on X such that m(Fix(G)) = 0 has a proper Ginvariant extension. D
The above corollary admits a partial converse.
1.9. Corollary. Assume that the set X\Fix(G) is large. If every o-finite nonuniversal G-invariant measure on X has a proper G-invariant extension, then G is indicable by finite groups.
Proof. Use 1.7 and implication (i) => (ii) of 1.6. D
The conjunction of 1.8 and 1.9 yields 1.10. Corollary. Suppose that X is large and an at most countable G acts freely on every G-orbit. Then the following are equivalent:
(i) Every a-finite nonuniversal G-invariant measure on X has a proper G-invariant extension.
(ii) G is indicable by finite groups. D
The hypotheses of 1.10 are satisfied if X is a large group and G is a countable subgroup of X acting on X by left shifts. Then 1.10 gives a solution to a problem of Pele quoted in §0 (cf. [P, p. 29] ). In order to compare it with Pelc's partial result (see §0), let us make the following observation.
1.11. Proposition. The following are equivalent:
(i) G is indicable by finite groups.
(ii) For a certain r\ < cox there exists a descending sequence (Ga : a £ n) of subgroups of G such that:
(1) GQ = G, (2) GÀ = na<iGa for limit X<n, (3) f\a<"Ga = {e}, (A) Gn+X has finite index in Ga for each a < r\. G We close this section with an important corollary of 1.2 which will be useful later.
1.12. Lemma. Suppose that m isa a-finite, G-invariant measure defined on a o-algebra Tlcâs(X).
If inf{m(A) : A £ art and Vxel A n Gx ^ 0} = 0, then m has a proper G-invariant extension.
Proof. By 0.1, it suffices to prove that there exists a G-invariant nonmeasurable set. Suppose otherwise. Then m satisfies the hypotheses of 1.2. Accordingly, there exists a set B £ art such that BnGx ^ 0 for every x £ X and m(B) = 0. But X = GB and \G\ < co, so m(X) = 0, a contradiction. D
Invariant measures on Euclidean spaces
Throughout this section G denotes a subgroup of Dn , the group of all isometries of R".
The results of § 1 combined with those of [Z2] yield the following solution to the invariant extension problem for G and R" . Moreover, by the result of [Z2] , the existence of a maximal cr-finite Ginvariant measure on R" is equivalent to the existence of a maximal cr-finite G'-invariant measure on L. In view of the above remarks, the desired equivalence follows immediately from 1.6. D In order to obtain more information about the particularly important case of G being countable, we should come back to the discussion following 1.6. As a consequence of 1.9 we get 2.2. Corollary. Assume that \G\ < co and 2W is large. If every o-finite nonuniversal G-invariant measure on R" has a proper G-invariant extension, then G is indicable by finite groups.
Proof. It suffices to notice that Fix(G) is the union of countably many proper affine subspaces of R" , so the set R" \ Fix(G) is large if 2W is. D It is not difficult to see that for n < 3 the converse to the above is also true.
2.3. Proposition. Assume that \G\ < co and n = 1, 2. If G is a group of isometries of R" indicable by finite groups, then every o-finite nonuniversal Ginvariant measure on R" has a proper G-invariant extension.
It is tempting to conjecture that the above is true for all n. Unfortunately, Strojnowski [St] found a counterexample showing that this is actually false for all n > 2 .
There is, however, an interesting family of groups, for which the conclusion of 2.3 holds for all n . Following [F] we say that G is crystallographic if G is discrete and the group Dn/G is compact (remember that Dn is a topological group-see §0).
It is not very hard to prove by algebraic methods that every crystallographic group is indicable by finite groups and, moreover, the following is true. Proof. Let G be the subgroup of Dx generated by Q and b, and let m be a finite G-invariant measure on a cr-field 9rt c ¿P(R). Consider the measure mx on R/Q defined by mx = m(\Jsf) for every sf c R/Q such that \]sé £ art.
It is easy to see that mx is G/Q-invariant. Clearly, |G/Q| = co, so m, cannot be universal (cf. [P, Proposition 2.3] ). It follows that there exists ^cl such that Q + A $ 9JÎ, so we are done by 0.1. D From now on we turn our attention to extensions of the Lebesgue measure ln on Rn. Our first goal is to find a solution to the invariant extension problem restricted to such measures.
We begin with stating a result of Ciesielski (see [C, Corollary 3 .1]).
2.7. Proposition (Ciesielski) . If \G\ > co, then every G-invariant extension of ln has a proper G-invariant extension. D
The following folklore-like lemma establishes connections between topological properties of G and its orbits; G is considered as a subspace of the topological group Dn (see §0). We shall use the well-known fact that every subgroup of a topological Hausdorff group is either discrete or has no isolated points; moreover, every discrete subgroup is closed (see [HR] ).
2.8. Lemma, (i) // G is discrete, then every G-orbit is closed.
(ii) If G is not discrete, then the G-orbit of every x £Rn \ Fix(G) is dense in itself and its closure has at most countably many connected components.
Proof. Notice that:
(1) For any x £ R" the closure of the G-orbit of x is equal to the C1(G)-orbit of x , where Cl is the closure operation (in Dn).
(2) For any x £R" \ Fix(G) the function g h-> gx is a homeomorphism of G onto Gx. Now everything is clear except from the last part of (ii). To prove the latter consider O = Gx. By (1), Cl(O) = Cl(G)x, so Cl(O) is a continuous image of C1(G). Hence it suffices to show that C1(G) has at most countably many connected components. One way to see this is to treat Dn as a Lie group and use the well-known theorem that every closed subgroup of a Lie group is a Lie group itself (cf., e.g., [War, Theorem 3.2] ). D 2.9. Lemma. If \G\ < co and G is not discrete, then every G-invariant extension of ln has a proper G-invariant extension. Proof. If \G\ > co, use 2.7. If \G\ < co and G is not discrete, use 2.9.
So assume that G is discrete. Consider the partition P of Rn into Gorbits. By 2.8(i), P consists of closed subsets of R" . Furthermore, for any open U c R" the set \J{cf e P : tf n U / 0} = GU is open. Hence, by a wellknown theorem of Kuratowski and Maitra [KM] , there exists a Borel selector S of P. (ii) G is discrete.
Moreover, if G is discrete, m is a G-invariant extension of ln and there exists an extension of m to a universal measure on R", then there exists a G-invariant one.
Proof, (i) => (ii) This follows from 2.7 and 2.9.
(ii) => (i) It is well known that if 2a is large, then there exists an extension of ln to a universal measure on R" . Hence it is enough to prove the last part of the theorem.
So let m : 9JÎ -+ [0, oo\ be a G-invariant extension of ln which can be extended to a universal measure /i on R". Proceed as in the proof of 2.10, taking 9rt2 = &>(S) and m2 = p.\&(S). a
The above theorem should be compared with the well-known results on Ginvariant extensions of ln to universal finitely-additive measures on R" . Such an extension exists if and only if G is a so-called amenable group (see [Wag, Theorem 11.20] ). For example, G can be Dn for n = 1 or n = 2 but it cannot be Dn for n > 2 by the famous Banach-Tarski paradox (see [Wag] ).
2.13. Remark, (i) It is not difficult to strengthen 2.8(i) as follows: G is discrete if and only if every G-orbit is discrete.
(ii) By a result of Kunen (see [Ku] ), there is an extension of ln which cannot be extended to a universal measure on R.". Accordingly, we cannot strengthen the last part of 2.12 by claiming that under some conditions on G, every Ginvariant extension of ln has a universal G-invariant extension (even assuming that 2W is large).
Generalizations
There are two natural directions in which one may try to generalize the results of §1. The first is to consider groups of arbitrary size, i.e., not necessarily of countable cardinality. It must be repeated that the general case of the invariant extension problem remains unsolved. Nevertheless, it seems worthwhile to realize that the arguments leading to 1.6 can be easily adapted to establish the following more general fact: 3.1. Theorem. Let G be a group of bijections of a set X. Suppose that there exists a group H of bijections of X such that {h\Gx : h £ H} = {g\Gx : g £ G} and \H\ < K, for every x e X where k is an uncountable cardinal.
Then the following are equivalent: (i) Every o-finite (finite) nonuniversal K-additive G-invariant measure on X has a proper K-additive G-invariant extension. (ii) The set {x £ X : there exists a (finite) nontrivial minimal G-partition of Gx} is small.
The other direction of possible generalizations is to consider a wider class of measures. Semiregularity seems to be a natural assumption for which we may hope to obtain a different answer to the extension problem. The examination of the reasoning from § 1 shows that, actually, for at most countable groups the answer is just the same as in the cr-finite case.
3.2. Proposition. Let G be an at most countable group of bijections of X. Then the following are equivalent:
(i) Every semiregular, nonuniversal, G-invariant measure on X has a proper, semiregular, G-invariant extension. (ii) Every o-finite, nonuniversal, G-invariant measure on X has a proper G-invariant extension. U
The methods developed in §2 to deal with invariant extensions of the Lebesgue measure can be applied to some other cases of interest. In particular we can use essentially the same proofs in order to establish the analogue of 2.10 and 2.12 obtained by replacing R" by the «-dimensional unit sphere S" in R"+1, Dn by the group of isometries of S" , and / by the Lebesgue measure on S" .
By minor modifications of arguments we can also obtain: 3.3. Theorem. Let X be an uncountable locally compact Polish (i.e., separable and complete) metric group and let G be an at most countable subgroup of X.
Then:
(i) // G is dense in X, then every G-invariant extension of the Haar measure X on X has a proper G-invariant extension.
(ii) // G is discrete, then every nonuniversal G-invariant extension of X has a proper G-invariant extension.
Proof, (i) Apply 1.12 using the fact that there are open subsets of G of arbitrary small positive Haar measure.
(ii) Proceed as in the proof of 2.10. Notice that Kuratowski-Maitra's theorem works in this case (see [KM] ). D 3.4. Corollary. Assume that 2W is large. Let X be an uncountable locally compact Polish metric group and let G be an arbitrary subgroup of X. Then the following are equivalent:
(i) There exists a universal G-invariant extension of the Haar measure X on X. (ii) G is discrete.
Proof, (i) =» (ii) We have \G\ < co since otherwise, by a theorem of RyllNardzewski and Telgársky [RNT] , there would be no universal G-invariant measure on X. Now use 3.3(i).
(ii) => (i) Proceed as in the proof of part (ii) of 3.3. Use the well-known fact that if 2oe is large, then X, being a Borel measure on a Polish space, can be extended to a universal measure on I. □
